The paper aims at clarification of the role of reduction in yield locus curvature on forming limit diagrams. To this end, a cross-hardening model showing a reduction of yield surface curvature is used which accounts for dynamic and latent hardening effects associated with dislocation motion during loading. The model's three-dimensional tensorial as well as reduced plane-stress vector formulations are given. The first quadrants of forming limit diagrams are numerically produced using finite element models of the Marciniak-Kuczyński test with spatially correlated random defect distribution as localization triggering mechanism. The effect of cross hardening is investigated in detail. It is demonstrated that for plane strain loading path there occurs no difference in localization predictions of the models with and without cross hardening whereas for biaxial strain paths a delayed localization is observed in the cross hardening model as compared to the one without cross hardening effects. This is in accordance with the relative bluntness of the yield surface at the points of load path change towards localization. These results are complemented by Nakazima test simulations where similar observations are made.
Introduction
Process design for functional yet lightweight components requires an accurate description of the material behavior during deformation in order to fully exploit the potential of materials and processes. The finite-element-based modeling has proven to be an efficient way to predict the material and structural behavior and is nowadays standard in industrial practice. However, the applicability and benefits of simulation strongly depends on the accuracy of the underlying constitutive material model. With regard to complex forming simulations, the efficient modeling of sheet metals is of special interest. There exists a number of phenomenological models, e.g., accounting for isotropic and kinematic hardening, which accurately describe the material behavior of sheet metals under uniaxial deformation conditions. However, as stated by Wagoner et al. [38] , the deformation in real forming processes involves a number of strain path changes requiring special attention which is more complex than a uniaxial strain or stress state. Therefore more complicated models are required to accurately model the loading-path dependent behavior of sheet metals in forming simulations. In this regard, the present or emergent underlying microstructure plays a crucial role. Physical based models are developed accounting for microstructural changes during complex deformation states, in particular orthogonal loading-path changes [36, 22, 32] . These, still phenomenological models, are often based on the evolution and distortion of one or two yield surfaces [2, 21] . A particular class of material models, interesting for this work, model the loading path dependent microstructure changes with one yield surface determined by an evolving anisotropy tensor [7, 22, 6, 31, 4, 3, 5] .
Of particular interest for the design and optimization of forming processes is the formability limit. 1 Following the definition of Banabic [1] , the formability describes the capability of a material to undergo plastic deformation to a given shape without defects. The probably mostly used theory is based on the early work by Marciniak and Kuczyński [24] , where on basis of a geometrical inhomogeneity (e.g., thickness variation in a distinct region), the onset of strain localization, representing the initiation point of failure or necking, is obtained. The model by Marciniak and Kuczyński has been widely applied as well as modified to improve its applicability [13, 29, 17, 8, 18, 19, 23] . In addition to process parameters, formability inevitably depends on the material properties. For instance, in associative plasticity yield locus curvature affects the formability limits of the material. The over-stiffness of the associative J 2 plasticity theory in prediction of plastic instabilities under distinctly nonproportional stress histories is well known [37] . Tvergaard [37] shows that a better agreement with the experimental necking strains is obtained using pure kinematic hardening in which the yield surface curvature remains constant. The reason is linked to the yield surface curvature, which is reduced in isotropic hardening. In crystal plasticity the overall yield surface forms as an envelope of individual glide yield surfaces. Vertices and corners then naturally arise at the loading point due to sliding on favorably oriented glide planes. Unlike smooth yield theories, where a tangential component of the stress loading σ d tangent does not cause a plastic flow, plastic flow occurs in vertex theories. For a given finite, nonproportional stress change, more strain change occurs for a yield surface with high curvature at the loading point than that occurs for the yield surface with lower curvature. A demonstration of the yield loci evolution for various plastic hardening models are given in Fig. 1 .
As illustrated in Fig. 2 , cross hardening results in reduced yield locus curvature. This macroscopic response of the polycrystal is physically linked to the evolution of dislocation microstructure during plastic deformation [22] . For IF (interstitial free) steels, e.g., DC06, a cellular structure is formed by dislocations accumulating at cell boundaries under monotonic loading paths. In subsequent orthogonal paths, these dislocations structures act as obstacles for newly activated slip systems resulting in latent resistance to yielding and the hardening rate increase is named as cross hardening [5] . Contrary to Tvergaard's observations, which suggests a requirement for yield locus curvature increase in order to meet experimental necking strains, Levkovitch and Svendsen's cross-hardening model [22] signals an additional stiffness over the associative J 2 plasticity theory. Apart from the yield surface curvature, the strain rate sensitivity of the material strongly influences the formability as well. The studies [12, 9, 13] show that already a small strain-rate sensitivity shift the forming limit to larger strains which lead to better accordance with experiments. Inal et al. [14] employed a ratesensitive polycrystal plasticity model to obtain FLDs based on the Marciniak-Kuczyński approach. Although the model allows the investigation of the strain-rate sensitivity, this study concentrates on the differences between face-centered-cubic (fcc) and body-centered-cubic (bcc) type slip systems. For fcc type materials a lower forming limit curvature is obtained due to a sharper yield locus compared to bcc type materials. Additionally, it is shown that texture evolution has a negligible effect. The study of Zhang et al. [41] clearly reveals that the formability is increasing for a rate-sensitive material, however, that the forming speed does not influence the material formability for the same rate-sensitive material. In a subsequent study of the same authors [42] two different approaches, one theoretical based on the Marciniak-Kuczyński model and one numerical based on the Marciniak test, are investigated with regard to strain hardening as well as strain rate sensitivity. An increasing formability is observed for an increase of both mechanisms.
With these motivations, in this study we aim to quantify the gained stiffness with the change of the yield surface curvature by investigating the stabilizing effect of the cross hardening on the flow localization predictions, a topic which is not documented in the literature so far. To this end, a reduced plane-stress viscoplastic formulation of Levkovitch-Svendsen's cross-hardening model is developed for thin shells and implemented as a user defined material subroutine into ABAQUS. Verification of the code is realized for finite-strain normal and small-strain shear loading scenarios for which analytical derivations are made available (see also [34] ). The first quadrant of the forming limit diagram is numerically produced using a two-dimensional finite element model with a spatially correlated random defect distribution in the form of a reduction in yield strength reproducing the classical results by Marciniak and Kuczyński [24] (see also [29] ). Additionally, the forming limit capabilities of the material are analyzed based on the Nakazima test [28] . These demonstrate the enhanced formability of the material with decreasing yield locus curvature with cross hardening relative to the classical J 2 flow theory. Fig. 1 . A schematic depiction of yield locus evolution with different continuum theories: a) corner theory (CT), b) kinematic hardening (KH), c) isotropic hardening (IH), d) cross hardening (CH). e) closer look at the yield locus curvature at the point of loading. The red dashed line represents the limit ρ → ∞ where ρ is the radius of curvature. As seen from corner theories to cross hardening the yield locus curvature systematically decreases. Gray dashed lines: initial yield loci. Red dashed lines: reference isotropic hardening yield loci. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
2. Theory
Material model -tensor notation
Considering small deformations, let 2 the total strain tensor
be additively split into elastic ε e and plastic ε p parts with u denoting the displacement vector. The stress σ is then computed from the stored elastic strain energy density
where e denotes the elastic constitutive tensor with
o n s t a n t . 2 e p 2 2 dev K represents the bulk modulus whereas μ is the shear modulus.
dev is the deviatoric part of the fourth-order symmetric identity tensor,
The flow stress of the material iikl for  ′ ∈ . While χ denotes the back-stress controlling the translation of the yield surface, the fourth-order structural tensors (constant) and (nonconstant) are associated with its initial and evolving form, respectively. The current visco-plastic formulation is referred to as a consistency type visco-plastic formulation, see, e.g., [40] , hence during fully developed plastic flow the consistency condition is satisfied, i.e., ϕ = 0 p . The plastic flow rule is assumed to be associative and hence it reads
The kinematic hardening evolution is modeled with a variant of the Armstrong-Frederick form via 
and . 11
The former accounts for growth due to dynamic and the latter due to latent hardening effects. 
Reduced plane-stress formulation -vector notation
In this part, we present constrained plane-stress equations in the sense that the plane-stress condition is automatically enforced. To this end, the plane-stress subspace   ⊂ is defined as
with
3 . In addition, we define   ⊂ dev the subspace of deviatoric symmetric second-order tensors with
In reduced plane-stress space implementation, we use × 3 1 vectors and × 3 3 matrices for the representation of symmetric second-order tensors and fourth-order tensors with at least minor-symmetries. The vector form of the reduced plane-stress space representation of the stress tensor σ reads
12 .
The mapping   → : and ( ) = a a tr ii stand for the deviatoric part of and trace of a, respectively, 1 denoting the identity tensor.
( ) a sym and ( ) a skw denote symmetric and skew-symmetric portions of a.ȧ gives the material time derivative of a.
⎡
describes the ramp function. The norm of a is denoted by | | = a a a : . Finally, ∇ is the material gradient operator.
. Let  ε ∈ denote the strain vector which only collects the in-plane components with
12 . We assume the additivity of the total strain tensor into elastic ε e and plastic ε p parts viz. ε ε ε = + e p . For both ε e and ε p the same stencil applies.
The rate of stress tensor is then computed by σ ε = ·ė e where for the plane-stress case e reads 12 constitutes the vector representation for the kinematic hardening stress-like tensor  χ ∈ dev . Noting that
we introduce ξ σ χ ≔ − . Accordingly, the plastic flow potential ϕ p which accounts for isotropic-, kinematicand cross-hardening is given as
. 18
In above, and denote the reduced plane-stress versions of the initial Hill-48-type [11] and the evolving 3 Â 3 flow anisotropy matrices, respectively, with In reduced plane-stress space, the vector norm of deviatoric tensors should be treated with care due to possible nonzero out-ofplane components. For the reduced deviatoric ε p the following identities hold for the quadratic forms in between the tensor and vector notations
, 23
. The reduced evolution equation of the flow anisotropy tensor readṡ̇= where
In Fig. 2 the evolution of the yield loci for various strain paths for an initially isotropic material are given using the presented theory for the case of plane-stress. In this analysis any further hardening source except latent hardening are switched off. It is clearly seen that for each case the yield locus curvature at the point of loading decreases. This behavior is contrary to what is generally observed in metallic materials showing vertex formation, which gives relatively reduced formability limits [35, 26, 27] . In the subsequent pages we investigate the effect of this curvature decrease making use of basic formability tests.
Algorithmic formulation and verification of the implementation
In this part, we summarize the return mapping algorithm used to define the state variables at the end of loading step + n 1, that is [•] 〈 + 〉 n 1 , using the state variables at the end of loading step n, that is [•] 〈 〉 n , through a strain driven framework using a cutting plane algorithm [30] . To this end, we linearize the flow potential around the current values of variables viz.
,
with k denoting the iteration number and
, the increments within iterations read
. We compute the increment of equivalent plastic strain at each iteration by
Iterations are continued to update the state variables using
The converged state gives the solution at the end of the loading step + n 1 with
The out-of-plane strain increment is then defined using
33 and ε Δ = Δ r e p p viz. Here ν denotes elastic Poisson's ratio. The developed algorithm is implemented as a VUMAT user defined material subroutine in ABAQUS. A comparison of the implementation via Voigt and Mandel vector notation are given in Appendix A. Appendix B presents the extension to finite strains of the presented small strain theory.
Verification of the implementation
We verify the implementation using two problems: finite strain in-plane loading with non-rotating principal axes of deformation and small strain in-plane shear loading. The numerical solutions with single element tests are compared with fully analytical derivations which appear in the literature for the first time.
Finite strain in-plane loading with non-rotating axes of deformation
We assume rigid plasticity with ε ε ε . The mentioned in-plane loading condition with non-rotating axis of deformation allows an immediate integration of the structural tensor to give the following normal components for s d ¼0 (see [34] for more details)
. In this − xy plane loading, the shear component H 1212 also evolves with
for s d ¼0. A comparison of the analytical derivation and the numerical result of a single element test is given in Fig. 3 where a perfect agreement is observed.
Small strain in-plane shear loading
Assuming small shear strains in the − xy plane, the only nonzero strain components become ε ε = p p 12 21 . This allows deriving the following expression for H 1212 for ≠ s 0 d through integration Fig. 2 . Plane-stress yield loci evolution for various loading paths. Dashed curves refer to the initial yield loci whereas black curves refer to the current one after deformation under a linear strain (stress) path marked by the dashed red line; a) pure shear, b) uniaxial tension-compression, c) plane strain tension-compression, d) equibiaxial tensioncompression, e) plane strain tension-compression, f) uniaxial tension-compression. In all cases the yield locus curvature at the point of loading decreases. This is governed principally by the rotation and the aspect ratio change of the representing ellipses. For the pure shear and equibiaxial stress paths, no rotation of the ellipse axes takes place.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
A perfect agreement is observed for the comparison of the analytical derivation and the numerical result of a single element test in Fig. 3 .
Applications -formability analyses
In this section we present the formability prediction of cross hardening plasticity in comparison to non-cross hardening material models. We start with Marciniak-Kuczyńsky-type of analyses where a biaxial loading of a defected rectangular plate is analyzed under various strain paths to form the first quadrant of the forming limit diagram. Unlike conventional Marciniak-Kuczyńsky test which uses an oriented groove in the model we consider randomly distributed spatially correlated defects to trigger localization. The second application problem consists of the Nakazima test where a sheet with various cut geometries is stretched with a punch moving perpendicular to the plane of the sheet. Both formability analyses are realized using the finite element method. Both analyses show that with the decrease of yield locus curvature, cross hardening plasticity predicts a later localization and therefore an increase in formability.
In the analyses, the parameter set listed in Table 1 is used unless otherwise stated. In order to purely concentrate on the cross hardening effects, the rate parameter is chosen to yield vanishing rate dependence. With selecting Lankford's coefficients as = = = r r r 1 0 4 5 9 0
we assume initial plastic isotropy.
Marciniak-Kuczyńsky test simulations
The formability of the metallic sheets is determined by a localized through-thickness neck formation along a zero-extension direction which is often preceded by a diffuse neck. For the loading states involving two positive in-plane strains, however, no zero extension direction exists. Based on experimental results regarding strain localization, it was concluded by Marciniak and Kuczyński [24] that failure or necking is mostly initiated by geometrical or structural in homogeneities. Hence, for the localization to develop in the first quadrant of the forming limit diagram, presence of imperfections was postulated to be responsible in Marciniak-Kuczyńsky theory. The original Marciniak-Kuczyńsky analysis is, in order to allow fast analytical or semi-analytical solutions, based on two simplifying assumptions: 1) The defect considered is infinite in length. 2) Boundary conditions are assigned considering constant bulk stress paths [39] . A joint use of the finite element method with stochastically generated material defect distribution makes it possible to avoid these over-simplifications, hence allow a more realistic production of the forming limit diagrams. Fig. 4a) shows the simulation set-up for the Marciniak-Kuczyńsky test. The plate is loaded under biaxial in-plane loading conditions considering totally six true strain (rate) ratios ε ε̇∈ { } / 0, 0.2, 0.4, 0.6, 0.8, 1.0 2 1 which allows plotting forming limit diagram points corresponding to the first quadrant ( ε2 serves as major strain rate.). For post processing reasons the specimen is subdivided into 10 Â 10 different cells with aspect ratio 1:1. The chosen discretization and subdivision prevent any sensitivity of the FEM results (see [29] ).
In the model proposed by Marciniak and co-workers [24, 25] , a thickness variation in a distinct region as geometrical inhomogeneity is introduced. The necking or failure behavior is analyzed on basis of the principal strains in these two regions of different thicknesses of the specimen subjected to a biaxial stress state. Using finite element analysis, Narasimhan and Wagoner [29] suggested three simple criteria to identify the point of failure of such specimens to determine the formability capabilities of the material on basis of the ratio of the major or minor principal strain rates or the effective strain rates of both regions. We account for a random initial yield stress distribution Table 1 with one exception that in the shear test s d ¼0.5 is used. with a given correlation where the total yield stress distribution function is assumed to be
where s is the standard deviation of the yield stress which is superimposed over the base uniform yield stress distribution σ y u 0, . { } ͠ X r represents a stationary Gaussian random field with zero mean and unit variance generated on each of the grid points Table 2 . Details of the method of generation the random field distribution with a given correlation are given in the Appendix C.
The previous described discretization into cells of the finite element model (see Fig. 4b ) is advantageous for the post-calculation of an appropriate failure criteria in stochastic simulations as the results no longer depend on the choice of one specific element for the evaluation of the failure criteria. For the following criteria, the different strain rates are averaged for each cell. Following 
True strain rates ( ε1, ε2) are applied to load the plate under biaxial in-plane loading conditions. The strain rates are adjusted according to the investigated strain paths. The sample is subdivided into 100 cells with aspect ratio of 1:1. For each of these cells the average major, minor and equivalent plastic strain rates ( ε2, ε1,ė p ) are calculated which are used for evaluation of the different formability criteria. as the standard deviation of the yield stress distribution. The statistics of each realization are given in Table 2 .
Narasimhan and Wagoner [29] , three criteria on basis of different strain rates are adopted. Additionally a criterion on basis of the stress is introduced. The first criterion, the major strain rate criterion εċ 2 , ( )
c c largest major strain rate in one cell smallest major strain rate in one cell 10 , calculates the ratio of largest major strain rate to smallest major strain rate in one of the different cells. As strain localization occurs very localized in one or only a few cells, the largest major strain rate is present in the cell of localization. This is usually happening in the weakest point of the sheet, here determined by the lowest yield strength within the specimen. On the other hand, a strain rate similar to the smallest strain rate is found in the remaining cells. As soon as a characteristic threshold εċ ,threshold 2 is reached, the point of flow localization can be identified. The second criterion, the minor strain criterion εċ 1 , reads as:
c c largest minor strain rate in one cell smallest minor strain rate in one cell 10 . As noted by [29] , these three criteria show typically little variance of identifying the corresponding strains at strain localization. In addition to these three criteria, we propose a new criterion, the effective stress criterion σ c , which does not require local information of the structure, rather the information at the boundary. This criterion reads: Fig. 5 were performed for each of the strain ratios for the cross-hardening plasticity model. Figs. 6 and 7show, for a selected random initial yield stress distribution, the evolution of localized equivalent plastic strains under two strain paths: plane strain tension and equibiaxial tension. Both localization patterns are strongly influenced by the underyling initial yield stress distribution. In both cases the deformation bands initiate at points where the hardening source is exhausted. These correspond to regions with relatively lower initial yield stresses, the so-called defected regions. The responses for both strain paths show different characteristics. In plane strain tension, localization initiates at much earlier strains and the band develops orthogonal to the loading direction. Since localized neck occurs along a zero extension direction, this shows that in plane strain tension no path change occurs in the band during loading. Hence, in absence of loading path change, there is no effect of yield locus curvature on the localization. In the biaxial loading case, this is not the case. Prior to localized necking, the loading path is characterized by two positive in-plane strains. During neck development, there occurs a continuous strain path change from equibiaxial to plane strain to create a zero extension direction along the localization band. For an associated plastic flow, the local curvature of the yield locus at the loading point, thus, affects the response of the sheet. For lower local curvature due to cross hardening plasticity then leads to a more stable material response where the rotation of the normal becomes relatively harder. This observation is valid for all biaxial tensile loading paths with ε ε̇> / 0 2 1 . Moreover, as compared to the plane strain loading path the point of localization initiation is delayed. The final pattern does not emerge as a single band which traverses the whole domain but rather branches into secondary bands.
The response of the different criteria, normalized w.r.t. to the corresponding threshold value is shown in Fig. 8 . As for plane strain loading, the minor strain criterion fails as expected. All remaining three criteria predict a fairly similar value for the , under plane strain loading. In the plane strain loading condition the band emerges orthogonal to the loading direction. localization strain ε 2 . For equibiaxial stretching, the equivalent strain rate predicts localization as first, followed by the major strain rate criteria and minor strain rate criterion. The stress criteria detects the localization at last. However, the differences are still rather small, all four criteria are acceptable for the identification of the material formability. In the following, the results are shown for the equivalent plastic strain rate criterionċ e p. Fig. 9 summarizes emerging localization patterns for different loading conditions. Due to the stochastic defect distribution, the resulting localization patterns are complex as the nucleation might simultaneously occur at several positions in the specimen. The figures clearly show the relative localization tolerance of the plate to the applied loading path: least formability is observed in the plane strain loading case whereas most formability is recorded for the case of equibiaxial loading. Also, as anticipated, in the absence of loading path change in the band, there is no effect of yield locus curvature on the localization for plane strain loading case. Thus, in plane strain loading path, we record identical responses for the models with and without cross hardening.
The resulting first quadrant of the forming limit diagram obtained from the Marciniak-Kuczyńsky test for different simulation cases are displayed in Fig. 10 . Results for cross hardening plasticity and non-cross hardening material models are shown for 12 realizations for each loading path. In total, the figure includes the results of × × = 12 6 2 144 simulations. A critical amount of localization needs to be recorded in the stochastic simulations before the criteria detect the material formability limit. The results with cross-hardening (cross) and non-cross-hardening (non-cross) material models have overlaps due to the effect of varying defect sizes in different realizations, however, the mean curves show a clear separation. For the plane strain path, both models predict the same formability as anticipated. For all other strain paths, the results demonstrate the improved formability due to cross-hardening. The explanation is the local curvature of the yield locus at the loading point whose decrease impedes the rotation of the normal for associated plastic flow and thus increases the stability. Fig. 10 shows that for all biaxial tensile loading paths with ε ε̇> / 0 2 1 this observation preserves validity where the curvature effect of the cross hardening plasticity gets more prononunced as the ratio ε ε̇≤ / 1 2 1 gets higher.
Nakazima test simulations
As a second application problem, Nakazima tests are performed to identify the formability of the material for different stress states [28] . The test set-up is similar to deep-drawing where the metal sheet is deformed using a hemispherical punch moving perpendicular to the plane of the sheet. Different stress states are achieved by using metal sheets with different cut geometries. The geometry of the metal sheet is shown in Fig. 11a ) where circles of different radii are cut from the entire blank leading to strongly waisted blanks (see Fig. 12 ). Depending on the cutting radius, , under equibiaxial stretching. In the equibiaxial loading condition, a diagonal band initiation is followed by band branching/merging. Considerably higher strain values at localization are observed as compared to plane strain loading. Fig. 8 . Marciniak-Kuczyńsky test simulations, cross-hardening plasticity model: Normalized prediction of material formability by major strain rate criterion ( εċ 2 ), minor strain rate criterion ( εċ 1 ), equivalent plastic strain rate criterionċ e p and stress criterion σ c for a) plane strain loading and b) equibiaxial stretching. All criteria are normalized by its corresponding threshold value • c ,threshold . The minor strain criterion fails for plane strain loading. Otherwise, all four criteria predict a similar formability.
loading conditions reaching from a equibiaxial stretching to a uniaxial tensile loading are achievable. The full simulation set-up is illustrated in Fig. 11b ). The contact conditions play a crucial role in the Nakazima test. Coulomb friction with a friction coefficient μ = 0.1 is assumed between blank and die as well as blank and blank holder where the contact between punch and blank is modeled frictionless to minimize the influence on the formability prediction. The sliding motion of the sheet is prevented using a draw-bead which is located at = R 66 mm and which has a radius of = r 1.5 mm d
. The simulation consists of two consecutive steps. First, the blank is clamped by pressing the blank holder against the die. Afterwards, the punch moves at a constant velocity perpendicular to the blank plane. The investigated specimen geometries with its mesh discretizations are illustrated in Fig. 12 . The specimen with = r 0 mm represents a equibiaxial loading case where for = r 85 mm a uniaxial tensile loading is achieved. Since uniformity of the emerging fields is not the case, there is no need for an additional localization triggering mechanism, hence material parameters are assumed to be uniformly distributed. Thus, no additional defects are present in the metal sheet. Fig. 13 exemplary shows the distribution of equivalent plastic strain after strain localization occurred in the different investigated specimens. The different loading cases are clearly captured by the localization patterns. As expected, the reduction of material and more uniaxial loading leads to an earlier localization phenomena at the center region of the specimen.
To analyze the behavior of the different specimens and material models (cross-hardening vs. non-cross-hardening model) quantitatively, Fig. 14 displays the punch force over the punch dis- The results show the effect of the stochastic distribution of defects. With increasing strain rate ratio, the formability increases. Fig. 10 . Marciniak-Kuczyńsky test simulations: First quadrant of forming limit diagram for Marciniak-Kuczyńsky test with stochastic distribution of defects (12 distributions for each loading path) with cross-hardening (cross) as well as without cross-hardening plasticity model (non-cross). The markers (black circles and red squares) show the obtained single values on the forming limit diagram curve in the different stochastic simulations. The scattering is increasing from plane strain tension to equibiaxial stretching for both model responses where the direction of the scattering is related to the loading path only. The mean curve represents the average of all stochastic simulations. For a stochastic distribution a critical amount of local localization has to be present in one cell before these are recognized globally as formability limit. The simulated strains of the forming limit diagram are compared with experimental results for IF tailor welded blanks from [33] indicating that the numerical results are at the correct order of formability of such steels. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) placement of the different simulation cases. Strain localization goes along with the decrease of the required punch force in loading direction. The punch force increases with decreasing cutting radius r as well as localization occurs at a larger displacement. The difference between both material models is significant for smaller cutting radii where the cross-hardening model predicts a significant improved formability. For = r 85 mm no difference is notable which perfectly fits with the theoretical expectation. As seen already from the Marciniak-Kuczyńsky results (see Fig. 10 ), for plane strain loading no deviation between both material models is notable as the yield curvature is the same for this point of loading (see results in Soyarslan et al. [34] as well). The case of uniaxial tension is located in the second quadrant of the forming limit diagram for which both models are predicting identical values as cross-hardening is only relevant for loading paths orthogonal to the primary loading direction due to the evolving dislocation structure perpendicular to the loading (latent hardening). As the biaxiality of the loading increases the difference in the formability predictions increases which is visible in the Nakazima test simulations as well.
Conclusion
In this paper we investigate the role of reduction in the yield locus curvature associated with cross hardening on the shape of the forming limit diagrams in the first quadrant. For this purpose, Levkovitch-Svendsen's cross-hardening model is used [22] with an assumption of initial material isotropy. A reduced plane-stress formulation is developed and implemented as a user defined material subroutine into ABAQUS. The implementation is verified for finite-strain normal and small-strain shear loading scenarios for which analytical derivations are presented. The formability analyses use finite element models of the stochastic Marciniak-Kuczyński and Nakazima tests. As anticipated, decrease of the yield locus curvature with cross hardening relative to the classical J 2 flow theory results in an enhanced formability of the material. More specifically, observed major and minor strains at localization in the Marciniak-Kuczyński tests are higher in the first quadrant except for the plane strain path where there is no path change on the course of localization. For the Nakazima tests, recorded punch displacements at maximum recorded punch forces, which could be identified as the point of localization, are higher with cross Fig. 11 . Nakazima test simulations: a) Geometry of the sheet. From the circular blank, radii of different radius r are cut out. Different radii are used to achieve different stress states. b) Complete simulation set-up of Nakazima Test, involving hemispherical punch, blank holder and die. The contact between punch and blank is assumed to be as frictionless where the contact between blank and die as well as blank holder is modeled via Coulomb friction with a friction coefficient μ = 0.1. In a first step, the blank holder is pressed against the die to clamp the blank between die and blank holder. In the next step, the punch moves perpendicular to the blank plane at a constant velocity. hardening plasticity as compared to J 2 flow theory. This strongly hints towards a significant increase of formability for cross hardening steel sheets in process chains. Fig. 12 ). The force and displacement are only representing the component in vertical direction, perpendicular to the plane of the sheet. The force drop indicates the start of localization and the corresponding strain represents the formability limit. For uniaxial tensile loading, both material models predict the same behavior, as crosshardening is not influencing yield surface curvature in this loading direction.
matrix form of uses the stencil . Otherwise is used. In this work the Mandel notation is utilized since it allows a more elegant and transparent scheme through a unique mapping in between vector and tensor forms. The most important point is that one does not have to distinguish in between the strain-like and stress-like variables since in the current formulation both uses the stencil ⎡ ⎣ ⎤ ⎦ | ⊤ 1 2 . This is especially important where rates of strain-like variables are functions of stress-like variables, e.g., as in the case of the Armstrong-Frederic evolution equation for the kinematic hardening strain-like variable. Coming to the matrix notation for fourth-order tensors one has to use a single stencil . This gives a direct consequence where the current notation does not require additional operators such as .
Appendix B. Extension to finite strains
Let X and φ ≔ ( ) x X t , denote the particle positions at the reference (undeformed) configuration Ω 0 and current (deformed) configuration Ω respectively. , , , n 
